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FERMI-DIRAC STATISTICS:

In quantum statistics, a branch of physics, Fermi-Dirac statistics describes distribution of particles

in certain systems comprising many identical particles that obey the Pauli exclusion principle. It is named

after Enrico Fermi and Paul Dirac, who each discovered it independently, although Enrico Fermi defined

the statistics earlier than Paul Dirac.

Fermi-Dirac (F-D) statistics applies to identical particles with half-integer spinin a system

in thermodynamic equilibrium. Additionally, the particles in this system are assumed to have negligible

mutual interaction. This allows the many-particle system to be described in terms of single-
particle energy states. The result is the F-D distribution of particles over these states and includes the
condition that no two particles can occupy the same state, which has a considerable effect on the
properties of the system. Since F-D statistics applies to particles with half-integer spin, these particles
have come to be called fermions. It is most commonly applied to electrons, which are fermions
with spin 1/2. Fermi-Dirac statistics is a part of the more general field of statistical mechanics and uses

the principles of quantum mechanics.

HISTORY:

Before the introduction of Fermi—Dirac statistics in 1926, understanding some aspects of electron
behavior was difficult due to seemingly contradictory phenomena. For example, the electronic heat
capacity of a metal at room temperature seemed to come from 100 times fewer electrons than were in

the electric current. It was also difficult to understand why the emission currents, generated by applying

high electric fields to metals at room temperature, were almost independent of temperature.

The difficulty encountered by the electronic theory of metals at that time was due to considering that
electrons were (according to classical statistics theory) all equivalent. In other words it was believed that
each electron contributed to the specific heat an amount on the order of the Boltzmann constant k. This

statistical problem remained unsolved until the discovery of F-D statistics.
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F-D statistics was first published in 1926 by Enrico Fermi and Paul Dirac. According to an
account, Pascual Jordan developed in 1925 the same statistics which he called Pauli statistics, but it was
not published in a timely manner. According to Dirac, it was first studied by Fermi, and Dirac called it
Fermi statistics and the corresponding particles fermions.

F-D statistics was applied in 1926 by Fowler to describe the collapse of a star to a white dwarf. In
1927 Sommerfeld applied it to electrons in metals and in 1928 Fowler and Nordheim applied it to fiel

electron emission from metals. Fermi—Dirac statistics continues to be an important part of physics.

FERMI-DIRAC DISTRIBUTION:

For a system of identical fermions, the average number of fermions in a single-particle state 1, is given
by the Fermi—Dirac (F-D) distribution,
1
§ T ele—m/RT {1

i

where k is Boltzmann's constant, T is the absolute temperature, €: is the energy of the single-particle

state %, and L is the total chemical potential. At zero temperature, u« is equal to the Fermi energy plus the

potential energy per electron. For the case of electrons in a semiconductor, H is typically called the Fermi
level or electrochemical potential.

The F-D distribution is only valid if the number of fermions in the system is large enough so that
adding one more fermion to the system has negligible effect on . Since the F-D distribution was
derived using the Pauli exclusion principle, which allows at most one electron to occupy each possible
state, a resultis that 0 << 733 << 1



http://en.wikipedia.org/wiki/Enrico_Fermi
http://en.wikipedia.org/wiki/Paul_Dirac
http://en.wikipedia.org/wiki/Pascual_Jordan
http://en.wikipedia.org/wiki/Wolfgang_Pauli
http://en.wikipedia.org/wiki/Ralph_Fowler
http://en.wikipedia.org/wiki/Star
http://en.wikipedia.org/wiki/White_dwarf
http://en.wikipedia.org/wiki/Arnold_Sommerfeld
http://en.wikipedia.org/wiki/Ralph_Fowler
http://en.wikipedia.org/wiki/Lothar_Wolfgang_Nordheim
http://en.wikipedia.org/wiki/Field_electron_emission
http://en.wikipedia.org/wiki/Field_electron_emission
http://en.wikipedia.org/wiki/Field_electron_emission
http://en.wikipedia.org/wiki/Boltzmann%27s_constant
http://en.wikipedia.org/wiki/Temperature
http://en.wikipedia.org/wiki/Total_chemical_potential
http://en.wikipedia.org/wiki/Fermi_energy
http://en.wikipedia.org/wiki/Fermi_level
http://en.wikipedia.org/wiki/Fermi_level
http://en.wikipedia.org/wiki/Fermi_level
http://en.wikipedia.org/wiki/Electrochemical_potential
http://en.wikipedia.org/wiki/Pauli_exclusion_principle

e Fermi-Dirac distribution

[ ] - s -

1.0} o o= 100
I = T=u,10
F — kT=pu/2

0.8 Rl 7 " AR

0.6}

U.tl_--

D.E:—

0.0F :

1 I ] I i

(0] 1 2 3 4 5

Energy dependence. More gradual at higher T. 73 = 0.5 when € = [L. Not shown is that [¢ decreases for higher .4

0.6

D.S -.-----.-------.-- ----.-‘---- - ==

Temperature dependence for £ = M.


http://en.wikipedia.org/wiki/Fermi%E2%80%93Dirac_statistics#cite_note-Kittel1971dist245-14
http://en.wikipedia.org/wiki/File:FD_e_mu.svg
http://en.wikipedia.org/wiki/File:FD_kT_e.svg

Distribution of particles over energy
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The above Fermi-Dirac distribution gives the distribution of identical fermions over single-particle
energy states, where no more than one fermion can occupy a state. Using the F-D distribution, one can
find the distribution of identical fermions over energy, where more than one fermion can have the same

energy.

The average number of fermions with energy €: can be found by multiplying the F-D distribution 1L
by the degeneracy i (i.e. the number of states with energy € ),
n(e;) = gi 7
_ gi
elei—p)/kT | 1

When Ji = 2, it is possible that ﬁ(fé) >1 since there is more than one state that can be occupied
by fermions with the same energy €:.

When a quasi-continuum of energies € has an associated density of states Q(E) (i.e. the number of
states per unit energy range per unit volume) the average number of fermions per unit energy range per
unit volume is,

N(e)=g(e) F(e)

Where F(E) is called the Fermi function and is the same function that is used for the F-D
distribution ﬁz‘,

1
Fle) = T 7
so that,
N(e) = 9(¢)

 ele—pl/RT 1
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QUANTUM AND CLASSICAL REGIMES :

The classical regime, where Maxwell-Boltzmann statistics can be used as an approximation to Fermi—

Dirac statistics, is found by considering the situation that is far from the limit imposed by the Heisenberg
uncertainty principle for a particle's position and momentum. Using this approach, it can be shown that

the classical situation occurs if the concentration of particles corresponds to an average interparticle
separation JR that is much greater than the average de Broglie wavelength A of the particles,

R > )\ ~

where i is Planck's constant, and 771 is the mass of a particle.

For the case of conduction electrons in a typical metal at T = 300K (i.e. approximately room
temperature), the system is far from the classical regime because R~ ;\/’25 . This is due to the small
mass of the electron and the high concentration (i.e. small f_?) of conduction electrons in the metal. Thus
Fermi-Dirac statistics is needed for conduction electrons in a typical metal.

Another example of a system that is not in the classical regime is the system that consists of the
electrons of a star that has collapsed to a white dwarf.

Although the white dwarf's temperature is high (typically T = 10,000K on its surface), its high electron
concentration and the small mass of each electron precludes using a classical approximation, and again
Fermi-Dirac statistics is required.
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